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Abstract 

£>. . We analyze local anisotropies induced by anholonomic frames and associated 

0^ \ nonlinear connections in general relativity and extensions to amne-Poincare and 

£D ■ de Sitter gauge gravity and different types of Kaluza-Klein theories. We con- 

q«^ . struct some new classes of cosmological solutions of gravitational field equations 

<0 describing Friedmann-Robertson- Walker like universes with rotation (ellongated 

and flattened) ellipsoidal or torus symmetry. 



1 Introduction 

The search for exact solutions with generic local anisotropy in general relativity, 
gauge gravity and non-Riemannian extensions has its motivation from low energy 
rS ' limits in modern string and Kaluza-Klein theories. Such classes of solutions 

constructed by using moving anholonomic frame fields (tetrads, or vierbeins; we 
shall use the term frames for higher dimensions) reflect a new type of constrained 
dynamics and locally anisotropic interactions of gravitational and matter fields 



32]. 



What are the requirements of such constructions and their physical treat- 
ment? We belive that such solutuions should have the properties: (i) they satisfy 
the Einstein equations in general relativity and are locally anisotropic general- 
izations of some known solutions in isotropic limits with a well posed Cauchy 
problem; (ii) the corresponding geometrical and physical values are defined, as 
a rule, with respect to an anholonomic system of reference which reflects the 
imposed constraints and supposed symmetry of locally anisotropic interactions; 
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the reformulation of results for a coordinate frame is also possible; (iii) by apply- 
ing the method of moving frames of reference, we can generalize the solutions to 
some analogous in metric-affine and/or gauge gravity, in higher dimension and 
string theories. 

Comparing with the previos results [^6], 28 , ^, [j(], |3^] on definition of self- 



consistent field theories incorporating various possible anisotropic, inhomoge- 
neous and stochastic manifestations of classical and quantum interactions on lo- 
cally anisotropic and higher order anisotropic spaces, we emphasize that, in this 
paper, we shall be interested not in some extensions of the well known gravity 
theories with locally isotropic spacetimes ((pseudo)Riemannian or Riemanian- 
Cartan-Weyl ones, in brief, RCW-spacetimes) to Finsler geometry and its gen- 
eralizations, but in a proof that locally anisotropic structures (Finsler, Lagrange 
and higher order developments [jlO], ||, 25, [l3|, [l], [H], [H], ||, §) could be induced 



by anholonomic frames on locally isotropic spaces, even in general relativity and 
its metric-affine and gauge like modifications |^, 34, |^, |24], |l4|, |6|, [3*|, 22, |35f| . 



To evolve some new (frame anholonomy) features of locally isotropic gravity 
theories we shall apply the methods of the geometry of anholonomic frames and 
associated nonlinear connection (in brief, N-connection) structures elaborated in 



details for bundle spaces and generalized Finsler spaces in monographs |17L 15, 



with further developments for spinor differential geometry, superspaces and 



stochastic calculus in [ 26|, g8|, gjj \5Q] . The first rigurous global definition of N- 
connections is due to W. Barthel [|| but the idea and some rough constructions 
could be found in the E. Cartan's works J5|. We note that the point of this 
paper is to emphasize the generic locally anisotropic geometry and physics and 
apply the N-connection method for non-Finslerian (pseudo) Riemannian and 
RCW spacetimes. Here, it should be mentioned that anholonomic frames are 
considered in detail, for instance, in monographs |7|, 19, 21] and with respect 



to geometrization of gauge theories in [14, 22] but not concerning the topic on 



associated N-connection structures which grounds our geometric approach to 
anisotropies in physical theories and developing of a new method of integrating 
gravitational field equations. 

The paper is organized as follows: Section 2 contains a brief introduction 
into the geometry of anholonomic frames and associated nonlinear connection 
structures in (pseudo) Riemannian spaces. Section 3 is devoted to the higher 
order anisotropic structures in Einstein gravity. In Section 4 we formulate the 
theory of gauge (Yang-Mills) fields on higher order anisotropic spaces; the vari- 
ational proof of gauge field equations is considered in connection with a "pure" 
geometrical method of definition of field equations. In Section 5 the higher order 
anisotropic gravity is reformulated as a gauge theory for nonsemisimple groups. 
A model of nonlinear de Sitter gauge gravity with higher order anisotropy is 
formulated in Section 6. An ansatz for generation of four dimenisonal solutions 
with generic anisotropy of the Einstein equations is analyzed in Section 7. Some 
classes of solutions, with generic anisotropy, of Einstein equations describing 
Friedmann-Robertson- Walker like universes with rotation (ellongated and flat- 
tened) ellipsoid and torus symmetry are constructed in Section 8. Concluding 
remarks are given in Section 9. 



2 Anholonomic Frames on (Pseudo) Rie- 
mannian Spaces 

For definiteness, we consider a (n + m)-dimensional (pseudo) Riemannian space- 
time V ( n+m ) j being a paracompact and connected HausdorfF C°°-manifold, en- 
abled with a nonsigular metric 

ds 2 = g a /3 du a (g> dvr 

with the coefficients 



9a/3 



gij + N-N^h ab N*h a 
Nfh be h ab 



parametrized with respect to a local coordinate basis du a = (dx t ,dy a ) , hav- 
ing its dual d/u a = (d/x l ,d/y a ) , where the indices of geometrical objects 

and local coordinate u a = (x k ,y a ) run correspondingly the values: (for Greek 
indices)a, /3, . . . = n + m; for (Latin indices) i,j, k, ... = 1, 2, ...,n and a, b, c, ... = 
1,2, ...,m . We shall use 'tilds' if would be necessary to emphasize that a value 
is defined with respect to a coordinate basis. 

The metric ([[]) can be rewritten in a block (n x n) + (m x m) form 

_ / ,_/ r w(s*,i/ B ) \ 

50/3 -(, o m**,* 8 ); () 

with respect to a subclass of n + m anholonomic frame basis (for four dimensions 
one used terms tetrads, or vierbiends) defined 

S a = (Si, d a ) = -J- = (Si = -^ = -^ - iVf (x j , y c ) 4r^ a = -£-) (3) 
v ' ; du a \ dx % dx l l V ,y J 8y b dy a ) y> 

and 

S? = (d\5 a ^j = Su 13 = (d l = dx\ 5 a = 5y a = dy a + N% (x j ,y b '\ dx k ^j , (4) 

called the locally anisotropic bases (in brief, la-bases) adapted to the coefficients 
Nj. The n x n matrice gij defines the so-called horizontal metric (in brief, h— 
metric) and the m x m matrice h ab defines the vertical (v-metric) with respect 
to the associated nonlinear connection (N-connection) structure given by its co- 
efficients Nj (u a ) from (|3|) and (0) . The geometry of N-connections is studied in 
detail in [g, [LTJ]; here we shall consider its applications with respect to anholo- 
nomic frames in general relativity and its locally isotropic generalizations. 

A frame structure 5 a (||) on V^ n+m ' is characterized by its anholonomy rela- 
tions 

5 a $f3 - 8p6 a = V^apSj. (5) 

with anholonomy coefficients u; ^ .The elongation of partial derivatives (by N— 
coefficients) in the locally adapted partial derivatives @ reflects the fact that 
on the (pseudo) Riemannian spacetime V^ n+m > it is modelled a generic local 



anisotropy characterized by the anholonomy relations (S) when the anholonomy 
coefficients are computed as follows 

w% = 0, w k aj = 0, w k ia = 0, w k ab = 0, w c ab = 0, 



V) a . . — _O a . V P . — —f) ]V b qn b . — 8 N b 



where 



ij "ij ! "- aj 



n« = a 4 7v; - a,-iv? + Ar?d b A/-? - tvj^jv? 



defines the coefficients of the N-connection curvature, in brief, N-curvature. On 
(pseudo) Riemannian spacetimes this is a characteristic of a chosen anholonomic 
system of reference. 

A N-connection N defines a global decomposition, 

jy . y(n+m) _ jj{n) q y{m) 

of spacetime y( ra + m ) into a n-dimensional horizontal subspace H^ n > (with holo- 
nomic x-coordinates) and into a m-dimensional vertical subspace V^ m ' (with 
anisotropic, anholonomic, y-coordinates). This form of parametrizations of sets 
of mixt holonomic-anholonomic frames is very useful for investigation, for in- 
stance, of kinetic and thermodynamic systems in general relativity, spinor and 
gauge field interactions in curved spacetimes and for definition of non-trivial re- 
ductions from higher dimension to lower dimension ones in Kaluza-Klein theories. 
In the last case the N-connection could be treated as a 'splitting' field into base's 
and extra dimensions with the anholonomic (equivalently, anisotropic) structure 
defined from some prescribed types of symmetries and constraints (imposed on 
a physical system) or, for a different class of theories, with some dynamical field 
equations following in the low energy limit of string theories [27, 28 1 or from 
Einstein equations on a higher dimension space. 

The locally anisotropic spacetimes, la-spacetimes, to be investigated in this 
section are considered to be some (pseudo) Riemannian manifolds y( n + m ) en- 
abled with a frame, in general, anholonomic structures of basis vector fields, 
S a = (5 l ,5 a ) and theirs duals 5 a = (6i,S a ) (equivalently to an associated N- 
connection structure) , adapted to a symmetric metric field g a p (|2|) of necessary 
signature and to a linear, in general nonsymmetric, connection T a p defining the 
covariant derivation D a satisfying the metricity conditions D a gp~ = 0. The term 
la- points to a prescribed type of anholonomy structure. As a matter of princi- 
ple, on a (pseudo) Riemannian spacetime, we can always, at least locally, remove 
our considerations with respect to a coordinate basis. In this case the geometric 
anisotopy is modelled by metrics of type (Q). Such ansatz for metrics are largely 
applied in modern Kaluza-Klein theory |H]] where the N-conection structures 
have been not pointed out because in the simplest approximation on topologi- 
cal compactification of extra dimensions the N-connection geometry is trivial. 
A rigorous anlysis of systems with mixed holonomic-anholonomic variables was 
not yet provided for general relativity, extra dimension and gauge like gravity 
theories.. 

A n + m anholonomic structure distinguishes (d) the geometrical objects 
into h- and v-components. Such objects are briefly called d-tensors, d-metrics 
and/or d-connections. Their components are defined with respect to a la-basis of 



type (0) , its dual (01) , or their tensor products (d-linear or d-affine transforms of 
such frames could also be considered). For instance, a covariant and contravariant 
d-tensor Z, is expressed 

Z = Zy a ®5< 3 = Z^Si ® <P + Z\5i ®5 a + Z b jd b ® d j + Z b a d h ® 5 a . (6) 

A linear d-connection D on la-space y\ n + m ) ^ 

Ds y 6p = T a ^(x,y)5 a , 

is parametrized by non-trivial h-v-components, 

r a /3 7 = yL l jk,L a bk ,C l j C ,C a bc J . (7) 

A metric on yv n + m ) with (m x m) + (n x n) block coefficients @j is written 
in distinguished form, as a metric d-tensor (in brief, d-metric), with respect to 
a la-base @ 

Ss 2 = g a/ 3 (u) 5 a ®5? = gij (x, y)dx i dx j + h ab (x, y)5y a 5y b . (8) 

Some d-connection and d-metric structures are compatible if there are sat- 
isfied the conditions 

D a 9j3~/ = 0. 
For instance, a canonical compatible d-connection 



cpQ _ fc j i c j a c s-ii c s-ia 
Pi ~ \ jk: *-> bki u j'cj u b, 



is defined by the coefficients of d-metric @, gy (x, y) and h a b (x, y) , and by the 
N-coefficients, 



CTl 



L 'jk = -j9 m {bkQnj + 5jg n k ~ 5n9jk) , (9) 

c L\ k = d b N£ + hi ac (5 k h bc -h dc d b Nt-h db d c Nl 

C & ]C = -\g* k d c9jk , 

C C% C = h ad (d c h db + d b h dc -d d h bc ) 

The coefficients of the canonical d-connection generalize for la-spacetimes the 
well known Cristoffel symbols; on a (pseudo) Riemannian spacetime with a fixed 
anholonomic frame the d-connection coefficients transform exactly into the met- 
ric connection coefficients. 

For a d-connection (Rj) the components of torsion, 





T(5j,5p) 


— 1 fa°a, 






rpa 

1 P-y 


_ pa pa _| a 

— 1 fa I yfl + W fa 




d via d- 


-torsions 






rpi 

1 -jk ~ 


rpi j i 
~ 1 .kj — ^jk 


J i rpi s~li rpi 

~ kji ja -jo) aj 


= — ( 


rpi 

1 .ab — 


0' T.bc = $ 


a fia /~ia 
be — ^bc ~ ^cbi 




rpa 

■ij 


(~)<2 rpa 

5i r/> ± M ' 


= d b N°--L a bj , T a ib = - 


rpa 

~ 2 .bi 






(10) 



We note that for symmetric linear connections the d-torsions are induced as 
a pure anholonomic effect. They vanish with respect to a coordinate frame of 
reference. 

In a similar manner, putting non-vanishing coefficients (0) into the formula 
for curvature, 



R (<5 r , <5 7 ) dp = Rp a 1T 5 a , 
we can compute the components of d-curvatures 






n h.jk — °k^.hj ~ °j- L .hk~r ^.hj^mk ~ ^.hk^rnj ~ ^ .ha il .jki 

R'b.jk = &kL b j — 5jL bk + L b jL ck — L bk L c j — C ' bc Q> jfc , 

Pf.ka = dkL l jk + C l j b T ka — {dkCj a + L l i k C j a — L j k C l la — L^ ak Cj c ), 

Pb.ka = d a L c bk + C c bd T ka — (dkC c ba + L c dk C ba — L bk C^ da — L ak C c bd ), 

D j.bc — u c^.jb ~ u b^.jc "r ^.jb^.hc ~ ° .jc^hbi 

a b.cd — °d^.bc ~ °c^.bd "+~ u .6c°.ed ~~ u .ta°.ec- 



The Ricci tensor 



has the d-components 



R/3-y — R/3 7 a 



Kij — -tii.jki Ria — *ia — Pi.kai V^-V 

E> 1 p p.fe p QC 

•"ot — r ai — r a.ibi Ix ab — °a.bc- 

We point out that because, in general, 1 P a i ^ 2 Piai the Ricci d-tensor is non 
symmetric. 

Having defined a d-metric of type (g) in V^ n+m ' we can compute the scalar 
curvature 

% = gfrRfr 

of a d-connection D, 

R~ = R + S, (12) 

where R = gV R {j and S = h ab S ab . 



Now, by introducing the values (O) and (12) into the Einstein's equations 



Rp~t ~ 7;93-yR — kTp 7 , 

we can write down the system of field equations for la-gravity with anholonomic 
(N-connection) structure: 

(13) 



Rij - 


-^{R + s)^ -- 


kT ■ ■ 


Safe " 


-\(R + S)h ab -- 


= K*-abi 




1 p - 

1 ai 


= K L a i, 




2 P ~ 

1 la 


- "> i- iai 



where Yy,T a j,,T a £ and Tj a are the components of the energy-momentum d- 
tensor field T^ 7 (which includes possible cosmological constants, contributions 
of anholonomy d-torsions (10) and matter) and k is the coupling constant. 



The h- v- decomposition of gravitational field equations (13) was introduced 
by Miron and Anastasiei [o] in their N-connection approach to generalized 
Finsler and Lagrange spaces. It holds true as well on (pseudo) Riemannian 
spaces, in general gravity; in this case we obtain the usual form of Einstein 
equations if we transfer considerations with respect to coordinate frames. If the 
N-coefficients are prescribed by fixing the anholonomic frame of reference, differ- 
ent classes of solutions are to be constructed by finding the h- and v-components, 
Qij and h ao , OI " metric ([!]), or its equivalent (||). A more general approach is to 
consider the N-connection as 'free' but subjected to the condition that its co- 
efficients along with the d-metric components are chosen to solve the Einsten 
equations in the form (O) for some suggested symmetries, configurations of hori- 



zons and type of singularities and well defined Cauchy problem. This way one 



can construct new classes of metrics with generic local anisotropy (see [31] and 
[|32|1 and Sections 7 in this paper). 

3 Higher Order Anisotropic Structures 

Miron and Atanasiu [^, ^, [l(|] developed the higher order Lagrange and Finsler 
geometry with applications in mechanics in order to geometrize the concepts of 
classical mechanics on higher order tangent bundles. The work [Eg] was a proof 
that higher order anisotropies (in brief, one writes abbreviations like ha-, ha- 
superspace, ha-spacetime, ha-geometry and so on) can be induced alternatively 
in low energy limits of (super) string theories and a higher order superbundle N— 
connection formalism was proposed. There were developed the theory of spinors 
p9| ], proposed models of ha-(super)gravity and matter interactions on ha-spaces 
and defined the supersymmetric stochastic calculus in ha-superspaces which were 
summarized in the monograph |}(]] containing a local (super) geometric approach 
to so called ha-superstring and generalized Finsler-Kaluza-Klein (super) gravi- 
ties. 

The aim of this section is to proof that higher order anisotropic (ha-structu- 
res) are induced by respective anholonomic frames in higher dimension Einstein 
gravity, to present the basic geometric background for a such moving frame for- 
malism and associated N-connections and to deduce the system of gravitational 
field equations with respect to ha-frames. 

3.1 Ha— frames and corresponding N— connections 

Let us consider a (pseudo) Riemannian spacetime V^ n ' = V^ n+m ' where the 
anisotropic dimension m is split into z sub-dimensions m p , (p = 1, 2, ..., z), i. e. 
rn = mi + 7TT-2 + ... + m z . The local coordinates on a such higher dimension curved 
spacetime will be denoted as to take into account the m-decomposition, 

u a ? = (x\y a \y a \...,y a v) = (u a v-\y a "). 



The la-constructions from the previous Section are considered to describe anholo- 
nomic structures of first order; for z = 1 we put u ai = (x l ,y ai ) = u a = (x l ,y ai ) . 
The higher order anisotropics are defined inductively, 'shell by shell', starting 
from the first order to the higher order, z-anisotropy. In order to distinguish 
the components of geometrical objects with respect to a p-shell we provide both 
Greek and Latin indices with a corresponding subindex like a p = (a p -\, a p ), and 
a p = (1,2, ...,m p ), i. e. one holds a shell parametrization for coordinates, 

y a v = {yl p) =y\yl p) =y\...,y^=y m v). 

We shall overline some indices, for instance, a and a, if would be necessary to 
point that it could be split into shell components and omit the p-shell mark 
(p) if this does not lead to misunderstanding. Such decompositions of indices 
and geometrical and physical values are introduced with the aim for a further 
modelling of (in general, dynamical) spllittings of higher dimension spacetimes, 
step by step, with 'interior' subspaces being of different dimension, to lower 
dimensions, with nontrival topology and anholonomic (anisotropy) structures in 
generalized Kaluza-Klein theories. 
The coordinate frames are denoted 

da = d/u° = (d/x i ,d/y a \...,d/y a *) 

cF = du« = (dx\dy ai ,...,dy a *), 
d ap = d/u a * = (d/x\d/y a \...,d/y a v) 



with the dual ones 

when 

and 



if considerations are limited to the p-th shell. 

With respect to a coordinate frame a nonsigular metric 



d * P = dv a- v = Ux\dy a \...,dy a P 



ds' 



g-p du a <S) du 13 



(14) 



with coefficients g--g defined on induction, 
3ai/3i = 

9a p /3 p ~ 
9a~0 = 9a z /3 z ~ 



where indices are split as a,\ = (ii,a±), ct2 = (01,02), a p = (a p -i,a p ); p 
1,2,. ..z. 



' gij + M^M^h aibl Mfh aiei ' 
M^h biei h aibl 


•) 


Ma V v _M P e p 


M lUKe P ' 
ha,pb p 


' 9*,-!/},-! + M^M^ha^ 


ha z b z 



The metric ([L4]) on V^ n > splits into symmetric blocks of matrices of dimensions 
(n x n) © (m-i x m{) © ... © (m z x m z ) , 
n + to form 



9a/3 



/laibi 







(15) 



V ... fc.,,6, J 

with respect to an anholonomic frame basis defined on induction 



Sa p = (5 ap _ l; a ap ) = {6i,6 ai ,...,6a p _ 1 ,da p ) 

= J—=( 6 =— N ' («)— — 



(16) 



^ - r 6 B ,,5 



and 



= 5u 0p = (<f = dx\ 5^ = 5y^ = dy^ + M^ (u) du a ^ 



(17) 



where a p = (a\,a2, ■■■,a p ) , are called the locally anisotropic bases (in brief la- 
bases) adapted respectively to the N-coefficients 



ATdp _ f AT a P AJdp njCLp l^rap } 

ttp-i \ i ' iv ai ' ■"' iv a p _2' a P -i J 



and M-coemcients 



M%_ ± = {M^,M a a f,...,M5_ 2 ,M5_ x }; 

the coefficients M Qp _ 1 are related via some algebraic relations with N a p_ x in order 
to be satisfied the la-basis duality conditions 



5*„®5^ = 8t, 



\ : ']' 



where 5a p is the Kronecker symbol, for every shell. 

The geometric structure of N- and M-coefficients of a higher order nonlinear 
connection becames more explicit if we write the relations (|l^) and (|l^) in matrix 
form, respectively, 

5. = N (u) x d. 



and 
where 



5' = d* x M (u) 



5, =&a 



( Si \ 

s ai 



'a-2 



( S/dx i \ 

5/dy ai 
5/dy a * 



,d, = da 



( 9i \ 

d ai 

Ban 



( d/dx 1 \ 
d/dy ai 
d/dy a2 



\K J 



V 5/dy a * J 



\da z J 



\ d/dy a * J 



6 m = ( dx i 5y ai 5y° 
and 



TV 



/ 1 



V o 



5y a * 

1 






, d' = ( dx i dy ai dy° 
-JVf \ 



dy a * 



-NT 

-N% 







M 



( 1 



V o 



Mf 2 



Mf 1 
1 
I 



M a2 











-N az 
-N a * 

a 2 



1 / 



M a * 
M a * 



1 / 



The n x n matrice gtj defines the horizontal metric (in brief, /i-metric) and 
the m p x m p matrices /i ap fe p defines the vertical, -u p -metrics with respect to the 
associated nonlinear connection (N-connection) structure given by its coefficients 
Nap-i from (|l6|). The geometry of N-connections on higher order tangent bundles 
is studied in detail in [18, 15, [16], for vector (super)bundles there it was proposed 
the approach from [ 28, |30|; the approach and denotations elaborated in this work 
is adapted to further applications in higher dimension Einstein gravity and its 
non-Riemannian locally anisotropic extensions. 

A ha-basis 5& (0) on V^ n > is characterized by its anholonomy relations 



fe<% - <%fe = w 7 _-%. 



(18) 



with anholonomy coefficients u> 7 -. The anholonomy coefficients are computed 



w 



0:w' 



«P.l 



0;w k 



«.-> 



0:w 



> w a v b v 



o;< 



0; 



w 



"*j > W a pJ 



-6 ap N*'>;w%=8 ap N» P ; 



w 



w 



^ wCf a v b f =0,f <p; w Cf bfap = 0, / < p; w Cf apbp = 0, / < p; 



Cfds 

where 



K p fd Af^<p)^\ 



c f d. 



P C I 



-S N bp f < v w bp = S N bp f < w 

u a p ly cfiJ ^ Pi w Cfdp u a p ly C fiJ ^ Pi 



n p 



dtN-" - djN? p + N. p 5 bp N- p - N- p 5 bp N- p , (19) 



for 1 < s, f < p, are the coefficients of higher order N-connection curvature 
(N-curvature). 

A higher order N-connection N defines a global decomposition 

n ■. y(™) = # (n) © y (mi) © y (m2) © ... © y (mz) , 

of spacetime V^ n > into a n-dimensional horizontal subspace H^ n > (with holo- 
nomic x-components) and into m p -dimensional vertical subspaces V^ mp ' (with 
anisotropic, anholonomic, yi p \ -components). 



10 



3.2 Distinguished linear connections 

In this section we consider fibered (pseudo) Riemannian manifolds V^ n ' enabled 
with anholonomic frame structures of basis vector fields, 5 a = (5 t ,5 a ) and theirs 
duals &a = (Si, 5a) with associated N-connection structure, adapted to a sym- 
metric metric field g- -5 ( |T5| ) and to a linear, in general nonsymmetric, connec- 
tion T a - defining the covariant derivation D& satisfying the metricity condi- 
tions Dagip- = 0. Such spacetimes are provided with anholonomic higher order 
anisotropic structures and, in brief, are called ha-spacetimes. 

A higher order N-connection distinguishes (d) the geometrical objects into h- 
and Up-components (d-tensors, d-metrics and/or d-connections) . For instance, 

(7J 7*1 V V \ 

p is written in local form as 

q Si ... s p ... s z J 

■ (1) (1) (?) (P) (*) M 

t = t 1 ~ lpa * -"^ - ' "2* "2) "2) («) s h ® - ® s *p ® dil ® - ® ^ ® 

,(i) ,(1) 

(5 (i) (g ... (8) <5 (i) (8) (5°i ... (8 <r*i (8 ... (8 <5 (p) (8 ... (8 <5 (p) (8 ... (8 
(5 b i ... (8 <T s p (8 5 (*) (8 ... (8 £ (*) (8 5 1 ... (8 5 bs * . 
A linear d-connection D on ha-spacetime V^ n ', 

D % ^ = r^.(u)fe, 

is defined by its non-trivial h-v-components, 

r%_ = (L% fe , l\, , c\- c , &%., K a r p , K a r r , Q a ' r ) , (20) 

for f < p,s. 

A metric with block coefficients ( |l5|) is written as a d-metric, with respect to 
a la-base ( |l7| ) 

5s 2 = g^ (u) 6"®5P = gaiuWdxi + h apbp (u)5y a ? 5y b ? , (21) 

where p = 1,2, ..., z. 

A d-connection and a d-metric structure are compatible if there are satisfied 
the conditions 

Daffpy = 0. 

The canonical d-connection C T%_ is defined by the coefficients of d-metric 
(21), and by the higher order N-coefficients, 

1 
2 

c jc - ~9 ^c5jfc, 



c L l jfc = - 9 m (5 k g nj + Sjgnj. - 5 n g jk ) , (22) 

c ra 

2 



C C\ = 1^(^ + 5-^-5-^), 
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CR Xc P = 2 9aP£P ( 6c P 9e P b P + 6b P 9e P c P ~ K9b P c p ) , 

°K°? = 5 b N% + -h a P c " (d ef h b c -h dc 5 b N% - h d b 5 C N*-) 



c Q% Cp = \h a ^5 Cp h bfep 

where f < p,s. They transform into usual Christoffel symbols with respect to a 
coordinate base. 

3.3 Ha— torsions and ha— curvatures 

For a higher order anisotropic d-connection (|20|) the components of torsion, 



TfaSj,) =T%S^, 



T° = rv - r Q _- + w a -_ 

M Pi 7/3 P7 

are expressed via d-torsions 

rj^i rpi ji ji rpi rpi fti 

.jk -kj jk kji ja "o-j .ja) 

T .k = 0. T % = S \ = C l- C h (23) 

T % = -<$> T l = - T l = k N f~ L % 

T a f _ T a f K a s _ K a f 

■ b f c f - c t b f - b f c f - c / 6 /' 

.a p b a ' .bfdp -cipbf ^.bfa p ' 

rpO-p Q a P rpO,p rpdp <• ]\TCL p T/- a P 

± .a f b f — -afbf' 1 .b s a f ~ L .a f b s ~ °b s ly a f /v .6 s a / - 

We note that for symmetric linear connections the d-torsion is induced as a 
pure anholonomic effect. 

In a similar manner, putting non-vanishing coefficients (0) into the formula 
for curvature, 



R ^% = ^r% - *-r« M + iW " r W. + r V"V> 



_yct _ __ _ 

we can compute the components of d-curvatures 

R'Ljk = $kL l .hj ~ djL l .hk + L_hjL l mk — L hh L % m ^ — C l h -£l a j k , (24) 

K b.jk ~ k L . bj -°3 L . b k +L .bj L -ck-- L . b -k L -cJ~ U .br l -Jki 

Pf.ka = dkL l .jk + C^jT'.ko — (dkCja + L l lk C j^ — L ,j}fi l .la ~ ^M.kPljcii 

r>.c X TC _i_ /"fC T-id /"n fie , tc fd j d fie jd fie \ 

^b.ka ~ °^ L .bk + °.M J -kS ~ 1°*° « + ^.dfc^.fea ~ L .bk U .dZ ~ L -*k^ML>> 

j.bc ~ ° cLj .jb ~ °b L/ -jc + U .j b U -hc ~ U .jc^hb> 
^b.cd - °d U Mc ~ ° cL/ Id + °.bc .ed ~ °.M°.S' 



s ^ /e/ = «y e/ ^..-^.,/v';.-':. +k,'.. i<:/. 

h f is a f n a f 



- K hf K"" 1 - (T s ft a P 

n -b f e f n h f c f y.b f a p U .c f e f , 
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W a p — x x a p _ x x a p i k c p Trap 

VV b 3 .c;e; - °ef Jx .b s c f °c f Jx .b a e;^ IX .bsC } JX .c p e { 

— K Cp J, a P — K ap Q c p 

y a S a K a f >r) af T b P 

^bf.cjej — Vep^.bfCf "T ^ .bfbp 1 .c f e p 

-(B n a f + K af O hf - K hf (f f - K c p C af \ 

\ u cf^.b f e p ^ ^.hfCf^.bfCp ^.bfCf^.hfep ^.epCf^.bfCp)' 

y-Cs — X K Cs 4- K Cs T df 

^br.Cfep — °ep Jx .b r c f ^~ lx .b r d f 1 -Cfep 

-(dcf C .b r e p + K .d f c f C .b r e p ~ K .b r c f C .d t ep ~ K .e p c f C[ 

— ~.Q,f r- ^ CL f r- s^. CI f ^-» U f ^-. CL f --. d f j~ CI t 

Y bf.c p ep = d e P Q.b f c p ~ d c P Q.b f e p + Q \b fC jS ' .d f e p ~ Q ' .bf-ep^dfCp- 

where f < p,s, r, t. 



■■f^'.brdt)' 



3.4 Einstein equations with respect to ha— frames 

The Ricci tensor 



RrS— — R~5 

PI (3 ya 



has the d-components 



Kij — -K-i.jk' *iia ~ ^ia ~ -^i.kai \^J 

p_ 1 p_ p.fe n _ Q.C 

n a % - r- ai - r_^, -ft_ fe - o_^_ 

R-bfCf = ^bf.Cfa-fi Rzpbf = ~ "b f e p = ~^b f .a f e p ^ 

p 1 p 7-e s 

n b r Cf — r b r c f — ^br.Cfes' 

The Ricci d-tensor is non symmetric. 

If a higher order d-metric of type ( pl| ) is defined in V W , we can compute the 
scalar curvature _ 

of a d-connection D, 

R = R + S, (26) 

where R = g ij R tj and 5 = /^%. 

The h-v parametrization of the gravitational field equations in ha-spacetimes 
is obtained by introducing the values (^5|) and (^g) into the Einstein's equations 



and written 





% " 2^~ R ~ 


kT 


07 > 


Rij 


-\{R + S) m 


= 


fv J- JJ, 


S ab' 


-\{R^)Ki 


= 


*T* 


1 P- " 

1 at 


~ "" *■ aii *a v bj 


= 


kl-apbf 


p.- - 


— hT— 2 P L 
"■ - 1 lai ^ a s bf 


= 


— kl afbpi 



(27) 
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where T^ , T_^, T 3 », Tj„, T apfe/ , T a/6p are the h-v-comp orients of the energy-mo- 
mentum d-tensor field Y-g_ (which includes possible cosmological constants, con- 
tributions of anholonomy d-torsions ( p3[ ) and matter) and k is the coupling con- 
stant. 

We note that, in general, the ha-torsions are not vanishing. Nevetheless, for 
a (pseudo)-Riemannian spacetime with induced anholonomic anisotropics it is 
not necessary to consider an additional to (p7p system of equations for torsion 
becouse in this case the torsion structure is an anholonomic effect wich becames 
trivial with respect to holonomic frames of reference. 

If a ha-spacetime structure is associated to a generic nonzero torsion, we 



could consider additionally, for instance, as in [33 1, a system of algebraic d-field 



equations with a source S°^_ for a locally anisotropic spin density of matter (if 
we construct a variant of higher order anisotropic Einstein-Cartan theory): 

Tl- + 25~,-T\j = kS 1 - 

a/3 l a P]& a/3. 

In a more general case we have to introduce some new constraints and/or dy- 
namical equations for torsions and nonlinear connections which are induced from 



(super) string theory and/ or higher order anisotropic supergravity [27, 28 1. Two 
variants of gauge dynamical field equations with both frame like and torsion vari- 
ables will be considered in the Section 5 and 6 of this paper. 

4 Gauge Fields on Ha— Spaces 

This section is devoted to gauge field theories on spacetimes provided with higher 
order anisotropic anholonomic frame structures. 

4.1 Bundles on ha— spaces 

Let us consider a principal bundle ( V, n, Gr, V^ n ' J over a ha-spacetime V^ n ' (V 

and V^ n ' are called respectively the base and total spaces) with the structural 
group Gr and surjective map it : V — > V^ n > (on geometry of bundle spaces see, 
for instance, ||, [H], |23|]). At every point u = (x,yn), ... ,y( z )) £ V^ n ' there is a 
vicinity U C V^ n \u G U, with trivializing V diffeomorphisms / and (f : 

fu-.TT-'iU) - UxGr, f(p) = (n(p),<p(p)), 

ipu : vr" 1 (U) -> Gr, ip(pq) = <p(p)q 

for every group element q £ Gr and point p £ V . We remark that in the general 
case for two open regions 

W,VC V^\U n V + 0, f ulp / / V | p , even peUDV. 

Transition functions guv are defined 

guv -KnV -^Gr, g U v («) = <-PU (p) [fv (p) _1 ) , tt (p) = u. 
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Hereafter we shall omit, for simplicity, the specification of trivializing regions 
of maps and denote, for example, f = fu,(p = (pu, s =. su, if this will not give 
rise to ambiguities. 

Let 9 be the canonical left invariant 1-form on Gr with values in algebra Lie 
Q of group Gr uniquely defined from the relation 9 (q) = q, for every q S Q, and 
consider a 1-form wonWc V^ n ' with values in Q. Using 9 and u), we can locally 
define the connection form O in V as a 1-form: 

6 = (p*9 + Ad ip- 1 (tt*uj) (28) 

where p*9 and tt*uj are, respectively, 1-forms induced on -zr -1 (U) and V by maps 
ip and 7r and to = s*Q. The adjoint action on a form A with values in Q is defined 
as 

(Ad ip^X) = (Ad p~ l (pj\ X p 

where \ p is the value of form A at point p G V . 

Introducing a basis {A^} in Q (index a enumerates the generators making up 
this basis), we write the 1-form ui on V^ n ' as 

u = A^ («) , u? (u) = u| (it) Su^ (29) 

where <5u M = (cte\(5y a ) and the Einstein summation rule on indices a and ~p is 

used. Functions uj^ (u) from (^) are called the components of Yang-Mills fields 
on ha-spacetime V^ n > . Gauge transforms of u> can be interpreted as transition 
relations for u>u and uy, when ueWflV, 

("u) u = (9u V 8)u + Ad 9UV {uT l (u V )u ■ (3°) 

To relate lo^- with a covariant derivation we shall consider a vector bundle H 
associated to P. Let p : Gr — > GL (7Z S ) and p' : <5 — > E'nti (i? s ) be, respectively, 
linear representations of group Gr and Lie algebra Q (where 1Z is the real number 
field). Map p defines a left action on Gr and associated vector bundle S = 
P x TZ s /Gr, tte : -E — ► V^ n ). Introducing the standard basis & = {£]_, £2, ••• J Cs} m 
7£ s , we can define the right action on Px 1Z S ', ((p, £) g = (pg, p (g _1 ) £) , g S Gr) , 
the map induced from V 



P ■ 



TV - vr^ 1 («) , (p (0 = (p£) Gr, £ G ^ s , vr (p) 



and a basis of local sections ej_ : U —>■ ir^ (U) , ej (u) = s (u)£j_. Every section 
(j : y( n ) — > 3 can be written locally as cr = <^ej,<j 4 G G°° (ZY) . To every vector 
field X on V^ n > and Yang-Mills field w a on V we associate operators of covariant 
derivations: 

VxC = H [XC- + B (X)^-} , B (X) = (p'X)^(X) . (31) 

The transform (|30| ) and operators ([H]) are interrelated by these transition trans- 
forms for values e^, C~, and -E^r : 

ef(u) = [pguv (u)}jey , df(u) = [pguv (u)]l(v> ( 32 ) 

B j[(u) = [p9uv{u)V l 5ji[pguv{u)] + [pguv{u)Y l B^{ u )[pg uv {u)}, 
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where B^ ( u ) = B^ U/duA (u) . 

Using (P4), we can verify that the operator V^-, acting on sections of 7r~ : 
H — ► V^ n ' according to definition ([H|), satisfies the properties 

hv u x + f 2 v x , v u x (fc) = fv u x ( + (xf) c, 
V x (, ueUnV,f 1 ,f 2 eC°°(U). 



VfiX+f 2 Y 



So, we can conclude that the Yang-Mills connection in the vector bundle 
7r= : H — ► V^ n ' is not a general one, but is induced from the principal bundle 
7r : V — ► V^ n > with structural group Gr. 

The curvature /C of connection G from (|2^) is defined as 

1C = DG, D = Hod (33) 

where d is the operator of exterior derivation acting on (/-valued forms as 

d (A- (8) x 3 ) = Aj ® d X " 

and i7 is the horizontal projecting operator acting, for example, on the 1-form 
A as (-ffAJ (-Xp) = A p (HpX p ) , where .ffp projects on the horizontal subspace 



Tip E -Pp [.Xp E 7ip is equivalent to 6 P (X p ) 

We can express ( p3|) locally as 

K = Ad tftf (tt*JC u ) 

where 

1 

Ku = doj u + - [uu,uju\ ■ 



0]. 



(34) 
(35) 



The exterior product of (/-valued form (|35|) is defined as 



A~®\ a ,A~®a b 



Ac, A- 



\«/\e 



'-b\a 



where the antisymmetric tensorial product is denoted A" f\ £ = A a £ — £ A' 
Introducing structural coefficients /-^ a of (/ satisfying 

be 



A fcA 



J bc o 



we can rewrite ( |35[ ) in a form more convenient for local considerations: 

1C ll = A~®1C%5vF f\8u v 



(36) 



where 



1C a 



du/ 1 dv? 2 J ^ ' """" 



' {ti~V 



*H 



This subsection ends by considering the problem of reduction of the local 
anisotropic gauge symmetries and gauge fields to isotropic ones. For local trivial 
considerations we can consider that with respect to holonomic frames the higher 
order anisotropic Yang- Mills fields reduce to usual ones on (pseudo) Riemannian 
spaces. 
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4.2 Yang-Mills equations on ha-spaces 

Interior gauge symmetries are associated to semisimple structural groups. On the 
principal bundle \V, n, Gr, VW J with nondegenerate Killing form for semisimple 
group Gr we can define the generalized bundle metric 

h p (X p , Y p ) = G ff(p) (dirpXp, dTr P Y P ) + K (@ P (X P ) , @ P (X P )) , (37) 

where dirp is the differential of map ir : V — > V^ n \ G n ^ is locally generated as 
the ha-metric (pi]), and K is the Killing form on Q : 

K (A~, At) = £~ */~ ? = K^. 

\ a bj •> bd J ac ab 

Using the metric g— -s on V^- n ' (respectively, hp (Xp,Yp) on V) we can in- 
troduce operators *g and 5g acting in the space of forms on V^ n > (*h and 5h 
acting on forms on V)). Let e-p be an orthonormalized frame on U C.V^ n ' , locally 
adapted to the N-connection structure, i. .e. being related via some local dis- 
tinguisherd linear transforms to a ha-frame ( |l6| ) and e M be the adjoint coframe. 
Locally 

G = Y,v(~P)e JT ®e> T , 
P 
where rfj^ = r\ (ji) = ±1, JI = 1,2, ...,n, and the Hodge operator * G can be 
defined as *g ■ A' ( W n )j — ► A n (v^ n n , or, in explicit form, as 

* G (e* f\ ... f\ <A) = rj (170 ...t? (l%_ r ) x (38) 

/ 1 2 ... r r + 1... n \ f, a A f- 
\ Hi H 2 ■■■ V r vi ... Vn_ r J I \ I \ 

Next, we define the operator 

* G 1 =r ? (l)...r ? (n)(-l)^"'-)* G 

and introduce the scalar product on forms Pi, (32, ■■■ C A r f V^ n > J with compact 
carrier: 

(/3 1 ,/3 2 )=r ? (l)...r / (n B )|/3 1 A*G/?2. 

The operator Sg is defined as the adjoint to d associated to the scalar product 
for forms, specified for r-forms as 

5 G = (-l) r * G 1 °do* G . (39) 

We remark that operators *h and 5h acting in the total space of V can be 
defined similarly to ( pq) and (^), but by using metric ([37]). Both these operators 
also act in the space of (/-valued forms: 

*(A~®¥>") =A~ &(*¥>"), 
tf(A s ®^=A s ®(^«). 
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The form A on V with values in Q is called horizontal if HX = A and equiv- 
ariant if R* (g) A = Ad q~ 1 (f, Vg 6 Gr, R (q) being the right shift on V . We can 
verify that equivariant and horizontal forms also satisfy the conditions 



&u\ 



X = Ad ip u l (vr*A) , \ u 

(A v ) w = M {guv (u))' 1 (h() u ■ 
Now, we can define the field equations for curvature (|34|) and connection (|28|): 

A/C = 0, (40) 

V/C = 0, (41) 



where A = H o 5h- Equations (40) are similar to the well-known Maxwell equa- 
tions and for non-Abelian gauge fields are called Yang-Mills equations. The 
structural equations ( f4l|) a re called the Bianchi identities. 

The field equations ( f40|) do not have a physical meaning because they are writ- 
ten in the total space of the bundle H and not on the base anisotropic spacetime 
V^ n > . But this difficulty may be obviated by projecting the mentioned equations 
on the base. The 1-form A/C is horizontal by definition and its equivariance fol- 
lows from the right invariance of metric (37). So, there is a unique form (AJCju 
satisfying 

A/C =Ad <^V(A/C) W . 

The projection of fl40| ) on the base can be written as (AJC)u = 0. To calculate 
(AK)u, we use the equality @, [24] 



d (Ad <p u l X) = Ad ipy 1 dX - <p u 0,Ad (p u l X 
where A is a form on V with values in Q. For r-forms we have 



ip u e, * H Ad ip u A 



6 (Ad tftfx) = Ad ip^SX - (-l) r * H { 
and, as a consequence, 

SJC = Ad (Pu^Sh^JCu + *ff[7r*w w , *htt*IC u ]} - * H l [ > Ad H>u *h (vr*/C) 

(42) 
By using straightforward calculations in the adapted dual basis on it 1 (U) we 
can verify the equalities 



^From 



6, Ad ipu 1 * H (7r*fCu)\ = 0, H5 H (tt*ICu) = tt* (5 G K 

* H l [n*U U ,*H (7T*/C W )] = 7T*{*q 1 [uu,*g£-u]}- 

and ( |43| ) one follows that 

(A£) w = Scfcu + *g i u U, *G^u] ■ 



(43) 



(44) 



Taking into account ([44]) and (39), we prove that projection on the base of 
equations (^) and ( f4"I| ) can be expressed respectively as 



r 'G 



1 od o * G K U + * G 1 [wu, *gK-u] = 0. 



(45) 
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dJC u + [u>u,fcu] =0. 
Equations (fi|) (see (|||)) are gauge-invariant because 

(AlC) u = Adg^(AJC) v . 

By using formulas (p6|)-(|39|) we can rewrite (Ha) in coordinate form 



D v (G wA JCL.) + /^ W*^ = 0, (46) 



where D„ is a compatible with metric covariant derivation on ha-spacetime (46). 
We point out that for our bundles with semisimple structural groups the 
Yang-Mills equations (|40| ) (and, as a consequence, their horizontal projections 
(f45[), or (Bq)) can be obtained by variation of the action 

/ = y X: V^G^^i^ | 5 ^| V2 ^ 1 ...d^^ ( 1 1) ...5^ ...^^ ...5y^ . (47) 

Equations for extremals of (^7|) have the form 

K^g^D^ - Kaf*!?% «4>C% = 0, 



which are equivalent to "pure" geometric equations ([4q) (or (f45|)) due to nonde- 
generation of the Killing form K^<~ for semisimple groups. 

To take into account gauge interactions with matter fields (sections of vector 
bundle H on yw) we have to introduce a source 1-form J in equations ([!(]) and 
to write them 

AIC = J (48) 

Explicit constructions of J require concrete definitions of the bundle S; for 
example, for spinor fields an invariant formulation of the Dirac equations on ha- 



spaces is necessary. We omit spinor considerations in this paper (see [26, |29| 



5 Gauge Ha-gravity 



A considerable body of work on the formulation of gauge gravitational models on 
isotropic spaces is based on application of nonsemisimple groups, for example, of 
Poincare and affine groups, as structural gauge groups (see critical analysis and 



original results in []6j, |33|, |l4j, |8j, |35 , [3j, |22[ ) . The main impediment to developing 
such models is caused by the degeneration of Killing forms for nonsemisimple 
groups, which make it impossible to construct consistent variational gauge field 



theories (functional (47) and extremal equations are degenerate in these cases). 
There are at least two possibilities to get around the mentioned difficulty. The 
first is to realize a minimal extension of the nonsemisimple group to a semisimple 
one, similar to the extension of the Poincare group to the de Sitter group con- 



sidered in |23], ^4], gj]. The second possibility is to introduce into consideration 
the bundle of adapted affine frames on la-space V^ n \ to use an auxiliary non- 
degenerate bilinear form a^ instead of the degenerate Killing form K-~? and to 
consider a "pure" geometric method, illustrated in the previous section, of defini- 
tion of gauge field equations. Projecting on the base V^ n > , we shall obtain gauge 
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gravitational field equations on ha-space having a form similar to Yang-Mills 
equations. 

The goal of this section is to prove that a specific parametrization of compo- 
nents of the Cartan connection in the bundle of adapted affine frames on V^ n ' 
establishes an equivalence between Yang-Mills equations (|4^) and Einstein equa- 
tions (!?]) on ha-spaces. 



5.1 Bundles of linear ha— frames 

Let (Xa) u = (Xi,Xa) u = (Xi,X ai ,...,X a J u be a frame locally adapted to the 
N-conection structure at a point u € V^ n ' . We consider a local right distinguished 
action of matrices 



4* 



( A i 



\ 



o 

B , ai 



\ 



cGL- r 



...eGL(m z ,TZ). 



0.. 

GL(n,K)®GL(mi,K) 

Nondegenerate matrices A v l and B-, ° , respectively, transform linearly X^\ u into 
Xi'\ u = A v l Xi\ u and X a , p \ u into X a , p \ u = B^ ap X ap \ u , where X^\ u = A-, ft I„ 

is also an adapted frame at the same point u € V^ n > . We denote by La \V^ n > J 

the set of all adapted frames J„ at all points of V^ n ' and consider the surjective 
map it from La ( V^ n ' J to V^ n ' transforming every adapted frame X^\ u and point 

u into the point u. Every X-g\ u has a unique representation as X-g = A—, a X^, 

where X^ ' is a fixed distinguished basis in tangent space T ( V ( n > ) . It is obvious 

that vr" 1 (lf),UC V&\ is bijective to U x GL„ {11) . We can transform La (V™)) 

in a differentiable manifold taking (u^,A—, a ) as a local coordinate system on 
7T _1 (IA) . Now, it is easy to verify that 

Ca{V^) = (La(V^),V^\GLn{U)) 

is a principal bundle. We call Ca(V^ n ') the bundle of linear adapted frames on 

y(«). 

The next step is to identify the components of, for simplicity, compatible 
d-connection T^_ on V^ n ' , with the connection in Ca(V^ n ') 



m 






„« = { ^_ = r J_ } 

Introducing ( f49[) in (0), we calculate the local 1-form 



(A^ r )) 



u 



A 



aai 



(n vX rt- r Q a "< -I- f" 7 n v \ ft 5 7? 7£ 

\9 L) X K w + J ~^g u X K 



VfJ, 



)5vP 



(49) 
(50) 



where 



A 



«/3 



/ A~ 







A 





aifei 







CLzOz / 
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is the standard distinguished basis in the Lie algebra of matrices QIji {TV) with 
(A^) j7 = dijdki and (A— J = 5 apbp 5 Cpdp defining the standard bases in 

Ql \1Z n \ . We have denoted the curvature of connection (|49|), considered in (|50|) , 



as 

,(T) 



^ j = a~ ^n^A^ 



where TZ aa l— = R^ i a — (see curvatures 

5.2 Bundles of affine ha— frames and Einstein equa- 
tions 

Besides the bundles Ca ( V^ n > ) on ha-spacetime V^ n \ there is another bundle, the 
bundle of adapted affine frames with structural group Af nE (TZ) = GL nE ( V^ n ' ) 

(&TZ n , which can be naturally related to the gravity models on (pseudo) Rieman- 
nian spaces. Because as a linear space the Lie Algebra afn(lZ) is a direct sum 
of Qln(TZ) and lZ n , we can write forms on Aa (V^ n 'j as <3? = (^>i, ^2) , where 
<J>i is the Qln (TZ) component and $2 is the lZ n component of the form <J>. The 
connection (|49|), in Ca ( V^ n > J , induces the Cartan connection in Aa ( V^- n > J ; 

see the isotropic case in [£^, |2J, Q . There is only one connection on Aa ( V^ n ' ) 
represented as i*Q = (0, x) , where x is the shifting form and i : Aa — > Ca is the 
trivial reduction of bundles. If s)j is a local adapted frame in Ca [V^ n > J , then 
■JP) 



l o 



s^ is a local section in Aa ( y( n ) ) and 



&u)=su6 = (®u,Xu), (51) 

where x = e~ <g> xV^' fl^ = X\Xf]^ (v^ is diagonal with t?~ = ±1) is 

a frame decomposition of metric (^l|) on V^ n ',e^ is the standard distinguished 
basis on lZ n , and the projection of torsion , Tu, on the base V^ n > is defined as 

T U = dxu + n u f\xu + Xuf\n u = e~®^2 T%X»f\X v . (52) 

For a fixed locally adapted basis onWc T^ n ) we can identify components T a —^ 

of torsion fl52j ) with components of torsion (^) on V^ n > , i.e. T^ = T%n- By 
straightforward calculation we obtain 

(AK) U = [(AK^) U , (Rt) u + (Ri) u l (53) 

where 

(Rr) u = 5 G T U + * G l [Ski, *gT u ] , (Ri) u = *g \xu, *G^ r) 



Form (Ri)u from ( |53j ) is locally constructed by using components of the Ricci 
tensor (see (|25|)) as follows from decomposition on the local adapted basis X^ = 
8vF: 

(Ri)u = e~®(-ir +1 Rj v g aX Su». 
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We remark that for isotropic torsionless pseudo-Riemannian spaces the re- 
quirement that (A7£J = 0, i.e., imposing the connection (f49|) to satisfy Yang- 
Mills equations ( f40[) (equivalently (^5|) or (|4q)) we obtain |2«|, |24j the equiva- 
lence of the mentioned gauge gravitational equations with the vacuum Einstein 
equations Rij = 0. In the case of ha-spaces with arbitrary given torsion, even 
considering vacuum gravitational fields, we have to introduce a source for gauge 
gravitational equations in order to compensate for the contribution of torsion 
and to obtain equivalence with the Einstein equations. 

Considerations presented in this section constitute the proof of the following 
result: 

Theorem 1 The Einstein equations $F\) for ha-gravity are equivalent to the 
Yang-Mills equations 

r AK) = J (54) 



for the induced Cartan connection O (see (J^i) and (\51\)) in the bundle of locally 
adapted affine frames Aa ( V^ n ' ) with the source Ju constructed locally by using 

the same formulas (55) for ( AlZj , but where FL^ is changed by the matter source 
E—-3 — hq—isE with EL« = fcT_ -; — Xq- -3. 

ap 2^ap ap ap ^ap 

We note that this theorem is an extension for higher order anisotropic space- 



times of the Popov and Dikhin result [24 1 with respect to a possible gauge like 



treatment of the Einstein gravity. Similar theorems have been proved for locally 



anisotropic gauge gravity [33 1 and in the framework of some variants of locally 



(and higher order) anisotropic supergravity [30]. 



6 Nonlinear De Sitter Gauge Ha— Gravity 

The equivalent reexpression of the Einstein theory as a gauge like theory implies, 
for both locally isotropic and anisotropic space-times, the nonsemisimplicity of 
the gauge group, which leads to a nonvariational theory in the total space of the 
bundle of locally adapted affine frames. A variational gauge gravitational theory 
can be formulated by using a minimal extension of the affine structural group 
Afn (TZ) to the de Sitter gauge group Sn = SO (n) acting on distinguished lZ n+l 
space. 

6.1 Nonlinear gauge theories of de Sitter group 

Let us consider the de Sitter space S n as a hypersurface given by the equations 
VAbu u b = —I 2 in the flat (n + 1) -dimensional space enabled with diagonal 
metric r\AB^AA = ±1 (in this subsection A,B,C,... = l,2,...,n + l),(n = 
n + m\ + ... + m z ), where {u A } are global Cartesian coordinates in lZ n+1 ; I > 
is the curvature of de Sitter space. The de Sitter group S(~) = SO^ (n + 1) 
is defined as the isometry group of E n -space with ^ (n + 1) generators of Lie 
algebra sot^ (n + 1) satisfying the commutation relations 

[M A b, M C d] = VacMbd - VbcMad - VadM B c + VbdM ao . (55) 
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Decomposing indices A,B,... as A = (a,n + 1) ,B = lj3,n + l), ..., the 



metric rj AB as rj AB = [rj^, V(n+i)(n+i)) > and operators M AB as M~~ = T^ and 
Pjj = / _1 M- +1 ~, we can write (^) as 



a/3 ' 7<5 



P- P- 



"7 /3<5 '/J7 a5 ' '(36 ai >aS (87 ' 



L a/3' 



P~ .p-v. 



^a/3 7 ^"7 /3' 



where we have indicated the possibility to decompose so^ (n + 1) into a direct 
sum, so^) (n + 1) = so^(n) © u^-, where ?^ is the vector space stretched on 
vectors P~. We remark that S n = S^/L^, where L^) = SO^ (n) . For 77^5 = 
diag (1, — 1, — 1, —1) and S10 = 50 (1, 4) , L% = 50 (1, 3) is the group of Lorentz 
rotations. 

Let W (£,'R, n+ , S r („),PJ be the vector bundle associated with the principal 

bundle P (St v ^,£ J on ha-spacetime t^, where S^ is taken to be the structural 
group and by £ it is denoted the total space. The action of the structural 
group SVjj) on £ can be realized by using n xn matrices with a parametrization 
distinguishing subgroup Lu^ : 

B = bB L , (56) 

where 

L G L(^) is the de Sitter bust matrix transforming the vector (0,0, ...,p) G lZ n+1 
into the point (V,f 2 , ...,t>" +1 ) £SJC P™ +1 for which v A v A = -p 2 ,v A = t A p. 
Matrix b can be expressed 

6 $+ (l + tn + l) I 

Z (3 l 

The de Sitter gauge field is associated with a linear connection in W, i.e., 
with a so(„) (n+ l)-valued connection 1-form on V^ n > : 

where w" - G so(n)(,,), 0° G P™, 0* G r?£~0 S - 

Because St^ -transforms mix w" ~ and a fields in (|57|) (the introduced para- 
metrization is invariant on action on SOi~\ (n) group we cannot identify oo a - 
and , respectively, with the connection T a -_ and the fundamental form \ a 

in V^ 1 ' (as we have for (|49| ) and (pl|)). To avoid this difficulty we consider 
|34| , [2^| a nonlinear gauge realization of the de Sitter group Si„\ by introducing 
the nonlinear gauge field 

™ 
= b- l Qb + b- 1 db= I " I , (58) 
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where 



& P 



(£Dt£-t$Dt«)/(l + t n+1 ), 

9 a = t n+l§* + Dt a _ fi ^n+1 + q^ j (^ + fi+l^j ^ 



Dt a = dt a +u a ~£. 
P 

The action of the group S (yj) is nonlinear, yielding transforms 

v = l't {L'y 1 + I'd (l') -\e' = L6, 

where the nonlinear matrix- valued function L' = L' (t a ,b,BTj is defined from 
B{, = b' By (see the parametrization (|56|)). 



Now, we can identify components of ( pq ) with components of ^%- and x°a on 

Pi 

V( n > and induce in a consistent manner on the base of bundle W(£, 1Z n+l , Sua , V) 
the ha-geometry. 

6.2 Dynamics of the nonlinear de Sitter ha— gravity 



Instead of the gravitational potential (|49|), we introduce the gravitational con- 
nection (similar to (|5q)) 



where 






r >= r V^ 



(59) 



F Q - = Y° -Y P -T a - + Y a -6-Y a - 

0p x aX p m x a flX /?' 



X a = X a jiduV, and g--^ = x a 5 X -ffep and r/~j is parametrized 



r a0> 

( Vij 

T] aibl 



as 



'a/3 



\ 





V o ... Vazbz J 



rjij = (1, —1, ..., —1) , ...rjij = (±1, ±1, ..., ±1) , ..., Iq is a dimensional constant. 
The curvature of (|59[), 7o ' = cT + T /\ T, can be written as 



K^ 



a U « u 



^ 







(60) 



where 



and 



1 



vrf = X a Axa,^g=^^^A^ 



c /3 ! /3 2 /37^ 
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/37JF ~£ *<* /3-AH 7 



(see ( |24| ) for components of d-curvatures) . The de Sitter gauge group is semisim- 
ple and we are able to construct a variational gauge gravitational locally an- 
isotropic theory (bundle metric ([37]) is nondegenerate) . The Lagrangian of the 
theory is postulated as 

L = £(G) + -k(m) 
where the gauge gravitational Lagrangian is defined as 

L iG) = j^Tr (K^ f\ * G K^) = C (G) \g\ 1 ' 2 S^u, 

C {G) = ±T« W T, T* + ±TT ~_R? J"-±(<R (T) - 2Ax) , (61) 

T a — = x a 5 r a — (the gravitational constant I 2 in (pi]) satisfies the relations 

I 2 = 2/gA, Ai = — 3/Zo], Tr denotes the trace on a,j3 indices, and the matter 
field Lagrangian is defined as 

L (m) = X -Tr (r /\* G l) = £ {m) | 5 | 1/2 <5> 



£ (™) = 2 r ° rf * ~ *" « r v (62) 

The matter field source X is obtained as a variational derivation of Ci m \ on T 
and is parametrized as 

,' S* ~ -l t Q , 

1=1 -4 o i (63 » 

with i a = t Q aSu^ and 5° - = S a -_5u IM being respectively the canonical ten- 
sors of energy-momentum and spin density. Because of the contraction of the 
"interior" indices a, f3 in ( |6TP and ( |62| ) we used the Hodge operator * G instead 
of *h (hereafter we consider * G = *). 
Varying the action 



S = J\g\ 1/2 5 n u(£ {G) +£ {m)/ 
on the F- variables (|59|), we obtain the gauge-gravitational field equations: 

d (*TZ^) + T/\ (W r )) - (*TZ^) f\T = -A (*J) . (64) 



Specifying the variations on T a ~ and P-variables, we rewrite ( |64] ) as 
V (*U^) + 2 -±(v (*tt) + X A (* TT ) " (* T )Ax T ) = "A (*S) , (65) 

v(*T) - (*^ (r) ) Ax- ^ (**) Ax = l \ (*t+ \ *A , (66) 



where 



Tt = i T « = ^, T/3 = 9^ W 8u " A *«">. 
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X 1 = {XQ = Vz$X P , X P = X P ^}, V = d + T 



(r acts as r a - on indices 7, <J, ... and as r a - on indices 7, 5, ...). In (66), r 
pji pit 



defines the energy-momentum tensor of the Sr„\ -gauge gravitational field V : 

r w (f) = l -Tr (n-paR* v - \n^R^9w) ■ (67) 



Equations ( 64]) (or, equivalently, (p5[) and (£6|)) make up the complete system 
of variational field equations for nonlinear de Sitter gauge gravity with higher 
order anisotropy. They can be interpreted as a variant of gauge like equations 
for ha-gravity |3^] when the (pseudo) Riemannian base frames and torsions are 
considered to be induced by an anholonomic frame structure with associated 
N-connection 



A. Tseytlin [34] presented a quantum analysis of the isotropic version of 
equations ( |65| ) and fl66|) . Of course, the problem of quantizing gravitational 
interactions is unsolved for both variants of locally anisotropic and isotropic 
gauge de Sitter gravitational theories, but we think that the generalized Lagrange 
version of Se^ -gravity is more adequate for studying quantum radiational and 
statistical gravitational processes. This is a matter for further investigations. 

Finally, we remark that we can obtain a nonvariational Poincare gauge gravi- 
tational theory on ha-spaces if we consider the contraction of the gauge potential 
( |59"| ) to a potential with values in the Poincare Lie algebra 



'^ U r - ( r %~ '°" 1; 
loxs I V 



r=l r > ^Lr-fj '°" V 



Isotropic Poincare gauge gravitational theories are studied in a number of papers 
(see, for example, 35, 34, p2|). In a manner similar to considerations presented 



in this work, we can generalize Poincare gauge models for spaces with local 
anisotropy. 

7 An Ansatz for 4D d— Metrics 

We consider a 4D spacetime V^ 5+1 ' provided with a d-metric (|8|) when gi = gi(x ) 
and h a = h a (x k ,z) for y a = (z, y 4 ). The N-connection coefficients are some 
functions on three coordinates (x l ,z), 

Nf = qi (x\z), Nl = q 2 (x i ,z), (68) 

N? = rn{x\z), N$ = n 2 (x\z). 

For simplicity, we shall use brief denotations of partial derivatives, like a= 
da/dx l ,a' = da/dx 2 , a* = da/dz a'= d 2 a/dx 1 dx 2 , a** = d 2 a/dzdz. 

The non-trivial components of the Ricci d-tensor (|il[), for the mentioned 
type of d-metrics depending on three variables, are 

R\ =Rl = 1^— i- (9i +92) + ^- (g\ + sisa) + ^- U 2 + 9192) ] ; (69) 
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si ^~[-^ + i(^ + >; (to) 

q lf /h* 3 \ 2 hf h\ hlh\. 1 h A ,, ;, , A 3 



q 2l fh* 3 \ 2 h? h\ h%h% 1 h> 4 h >*,h' 3 



/i 3 y /i 3 2h/ 2/13/14 J 2/i 4 L 2/i 4 4 4 2/i. 



3 

p « =-k nV+ k {h i h >- ? ' K)nl - (72) 



The curvature scalar R (|12| ) is defined by the sum of two non-trivial compo- 
nents R = 2R\ and S = 2Sf. 

The system of Einstein equations (^) transforms into 

(73) 
(74) 
(75) 
(76) 

where the values of R\, Sf, P a j, are taken respectively from (|69|), (70), (|7l]), ([72]). 



^ 


= 


-«T| = 


— kT 4 , 


S3 3 


= 


-kTJ = 


— kT 2 , 


P3* 


= 


KT 3i , 




■Rli 


= 


KI4J, 





By using the equations (|75|) and ([76]) we can define the N-coefficients (pq), 
qi(x k , z) and rii(x k , z), if the functions gi(x k ) and hi(x k , z) are known as respec- 
tive solutions of the equations ( 73 ) and (f74j) . 



Let consider an ansatz for a 4D d-metric of type 

5s 2 = g x (x^idx 1 ) 2 + (dx 2 ) 2 + h 3 (x\ t)(St) 2 + /i 4 (^, t)(5y 4 ) 2 , (77) 

where the z-parameter is considered to be the time like coordinate and the energy 
momentum d-tensor is taken 

T a = \Pl,P2,-£,P4 =P]- 

The aim of this section is to analyze the system of partial differential equa- 
tions forllowing form the Einsteni field equations for these d-metric and energy- 
momentum d-tensor. 

7.1 The h— equations 



The Einstein equations (|73|), with the Ricci h-tensor (^), for the d-metric ( |77| ) 
transform into 

d 2 9l 1 fdg^ 2 



oZ[l&) + 2 ^i=0. (78) 



d(x 1 ) 2 201 \dx l 
By introducing the coordinates \ l = x % j \J~ke and the variable 

q = g[/gi, (79) 
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9(0) 




1 + 


q -f (x 2 - 


4o)) ' 


Q(o) 


-2tan(x 2 -X( )) 



where by 'prime' in this Section is considered the partial derivative d/x 2 -, the 
equation fl78|) transforms into 

Q 2 
g> + 1. + 2e = 0, (80) 

where the vacuum case should be parametrized for e = with x l = x l and e = — 1 
for a matter state with e = —p. 

The integral curve of (^) , intersecting a point ( x 2 \ , 9(o) ) j considered as a 
differential equation on x 2 is defined by the functions [|ll]] 

= 0; (81) 

e<0. (82) 

l + ^tan^-4,) 

Because the function q depends also parametrically on variable x 1 we can 
consider functions x 2 0) = X( ) (x 1 ) and q^ 0) = g (0) (x 1 ) . 

We elucidate the nonvacuum case with e < 0. The general formula for the 
non-trivial component of h-metric is to be obtained after integration on x 1 °f 
( |79|) by using the solution ([82]) 

91 [X 1 , X 2 ) = 9l(o) (x 1 ) I sin[x 2 - X(o) (V )] + arctan -— I , 

for 9(0) (x 1 ) / 0, and 

51 (x\x 2 ) = 9i(0) (x 1 ) cos V - X( ) (x 1 )] (83) 

for "^(X 1 ) = 0, where 5i(o)(x 1 ), X^Cx 1 ) and ^(x 1 ) are some functions of 
necessary smoothness class on variable % . 

For simplicity, in our further considerations we shall apply the solution (p3|). 



7.2 The v— equations 

For the ansatz ([77]) the Einstein equations (^J) with the Ricci h-tensor ([7 1 
transforms into 

Tih 3 h4 = (84) 

(here we write down the partial derivatives on t in explicit form) which relates 
some first and second order partial on z derivatives of diagonal components 
h a (x l ,t) of a v-metric with a source 



d 2 h 4 


1 


fdh 4 \ 2 


1 


fdh 3 \ 


(dh A \ 


n 


dt 2 


2/l 4 


{dt) 


2h 3 


{dt) 


{dt) 


2 



Ti(i*, z) = kT\ = kY 2 . = p\ 



P2 



in the h-subspace. We can consider as unknown the function h^(x l ,t) (or, in- 
versely, h 4 (x l ,t)) for some compatible values of h 4 {x l ,t) (or h^{x'\t)) and source 
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Ti(x l ,t). By introducing a new variable (5 = h\/h± the equation (|84|) transforms 

into 

1 flh* 

P + ^-^T- 2kT ^ = ° ( 85 ) 

2 2n 3 

which relates two functions (3 (x l ,t) and h 3 (x l ,t) . There are two possibilities: 1) 
to define j3 (i. e. /14) when kT\ and h 3 are prescribed and, inversely 2) to find h 3 
for given kT\ and /14 (i. e. /?); in both cases one considers only "*" derivatives 
on i-variable with coordinates x l treated as parameters. 

1. In the first case the explicit solutions of (JB5|) have to be constructed by 
using the integral varieties of the general Riccati equation jllj which by 
a corresponding redefinition of variables, t — +• t (?) and (5 (t) — > r\ (?) (for 
simplicity, we omit dependencies on x l ) could be written in the canonical 
form 

^ +r/ 2 + * ( ,) =0 

oq 

where ^ vanishes for vacuum gravitational fields. In vacuum cases the 
Riccati equation reduces to a Bernoulli equation which (we can use the 
former variables) for s(t) = /3 _1 transforms into a linear differential (on t) 
equation, 

s * + IH= a (86) 

2. In the second (inverse) case when /13 is to be found for some prescribed 
kT\ and /3 the equation (pa) is to be treated as a Bernoulli type equation, 

4kT 1/7 2 , [213* 



K = — j^(h 3 ) 2 + {-y + l 3 ) ^3 (87) 

which can be solved by standard methods. In the vacuum case the squared 
on /13 term vanishes and we obtain a linear differential (on t) equation. 

Finally, in this Section we conclude that the system of equations ([74|) is 
satisfied by arbitrary functions 

^3 = a 3 (x l ) and h A = a 4 (x*)- 

If v-metrics depending on three coordinates are introduced, h a = h a {x l ,t), the v- 
components of the Einstein equations transforms into (|84| ) which reduces to (|85| ) 
for prescribed values of h^{x % i^)i an d, inversely, to ( p7|) if /i4(x*,t) is prescribed. 

7.3 H— v equations 



For the ansatz (|77| ) with /14 = h^(x % ) and a diagonal energy-momentum d-tensor 
the h-v-components of Einstein equations ( |75| ) and (^) are written respectively 
as 

_ Qi {( dh 3 2 d 2 h 3 

and 

_ h 4 drij dh 3 h 4 d 2 nj _ 

6i ~ 4(/i 3 ) 2 m at 2h 3 ot 2 ~ ' 
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The equations ( |38[ ) are satisfied by arbitrary coefficients qi(x k ,t) if the d- 
metric coefficient h 3 is a solution of 

,dh 3 2 d 2 h 3 . , 

(-sr) - V = ° (90) 

and the (/-coefficients must vanish if this condition is not satisfied. In the last 
case we obtain a 3 + 1 anisotropy. 

The general solution of equations (|89|) are written in the form 



m = lf\x k ) I y/\h 3 (x k ,t)\dt + nf\x k ) 



where l\ (x k ) and n\ (x k ) are arbitrary functions on x k which have to be defined 
by some boundary conditions. 



8 Cosmological La— Solutions 

The aim of this section is to construct two classes of solutions of Einstein equa- 
tions describing Friedman-Robertson- Walker (FRW) like universes with corre- 
sponding symmetries or rotational ellipsoid (ellongated and flattend) and torus. 

8.1 Rotation ellipsoid FRW universes 

We proof that there are cosmological solutions constructed as locally anisotropic 
deformations of the FRW spherical symmetric solution to the rotation ellipsoid 
configuration. There are two types of rotation ellipsoids, elongated and flattened 
ones. We examine both cases of such horizon configurations. 

8.1.1 Rotation elongated ellipsoid configuration 

An elongated rotation ellipsoid hypersurface is given by the formula | 

x 2 +y 2 z -, 



2 i „,2 z 2 

+ ~5=p\ (91) 



a 2 -I a 2 

where a > 1, x,y,z are Cartezian coordinates and p is similar to the radial 
coordinate in the spherical symmetric case. 
The 3D special coordinate system is defined 

x = psinhnsinwcos(/?, y = psmhusinvsimp, 
z = p cosh u cos v, 

where a = coshu, (0 < u < oo, < v < it, 0<(^< 2tt). The hypersurface 
metric (^lj) is 

9uu = 9w = P 2 (sinh 2 u + sin 2 vj , (92) 

2 • i 2 -2 

gtp<p = P sinn it sin v. 
Let us introduce a d-metric of class ( [FTP 

3 s = 9i(u,v)du + dv + h 3 (u,v,T) (5t) + hi (u, v) (S(p) , (93) 
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where x 1 = u, x 2 = v, y 4 = cp, y 3 = r is the time like cosmological coordinate 
and 5t and 5<p are N-elongated differentials. 

As a particular solution of (p3) for the h-metric we choose (see (I83J)) the 
coefficient 

gi(u, v) = cos v (94) 



and set for the v-metric components 

p 2 (r)(sinh 2 u + sin 2 v 



h 3 (u,v,r) = — 9/w ; , 2 . 2 - (95) 



and 

sinh 2 u sin 2 v 

hi{U,V,T) = — — 2 . . 2 x - ( 96 ) 

(sinn u + sin i>) 

The set of coefficients ( |9"4|) , ( |95| ) , and (^) , for the d-metric (^, and of % = 
and m being solutions of (|90|), for the N-connection, defines a solution of the 
Einstein equations (|l3|). 

The physical treatment of the obtained solutions follows from the locally 
isotropic limit of a conformal transform of this d-metric: Multiplying ( |9"3| ) on 

p (r)(sinh u + sin v), 

and considering cos 2 v ~ 1 and n.; ~= for locally isotropic spacetimes we get 
the interval 

ds = —dr +p (r)[(sinh u + sin v)(du + dv ) + sinh usm. vdip ] 
for ellipsoidal coordinates on hypersurface (92); 
= — dr +p (r)[dx + dy + dz ] for Cartezian coordinates, 

which defines just the Robertson- Walker metric. 

So, the d-metric (p3|), the coefficients of N-connection being solutions of ( [75]) 
and (f76|), describes a 4D cosmological solution of the Einstein equations when 
instead of a spherical symmetry one has a locally anisotropic deformation to the 
symmetry of rotation elongated ellipsoid. The explicit dependence on time r of 
the cosmological factor p must be constructed by using additionally the matter 
state equations for a cosmological model with local anisotropy. 

8.1.2 Flattened rotation ellipsoid coordinates 

In a similar fashion we can construct a locally anisotropic deformation of the 
FRW metric with the symmetry of flattened rotation ellipsoid. The parametric 



equation for a such hypersurface is [12] 



x 2 + y 2 z 2 2 
1 + a z a z 

where a > and a = sinh u. 

The proper for ellipsoid 3D space coordinate system is defined 

x = p cosh u sin v cos <p,y = p cosh u sin v sin (p 
z = p sinh u cos v, 
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where < u < oo, < v < ir, < ip < 2ir. 
The hypersurface metric is 

9uu = 9w = P 2 (sinh 2 u + cos 2 vj , 

2-i2 2 

9 '<pp = P sinn ucos v. 

In the rest the cosmological la-solution is described by the same formulas as 
in the previous subsection but with respect to new canonical coordinates for 
flattened rotation ellipsoid. 

8.2 Toroidal FRW universes 

Let us construct a cosmological solution of the Einstein equations with toroidal 
symmetry. The hypersurface formula of a torus is [^] 

2 n 2 

2 _ P 



x l + y l — p ctanha I + z 



sinh a 
The 3D space coordinate system is defined 

p sinh a cos (p p sin a sin 93 



x = — : , y 



cosh a — cos a ' cosh a — cos a ' 
p sinh a 



cosh r — cos a 

(-7r < a < 7r, < a < 00, < <p < 2ir) . 

The hypersurface metric is 

2 9-2 

- p - p sm a fcm 

(cosh a — cos 0") (cosh a — cos a) 

The d-metric of class ( fTTp is chosen 

,5s 2 = 5l (a)do- 2 + da 2 + /i 3 (a, a, r) (<5r) 2 + h 4 (a) (5ipf , (98) 

where x 1 = a, x 2 = a, y 4 = ip, y 3 = t is the time like cosmological coordinate 
and 5t and 6<p are N-elongated differentials. 

As a particular solution of ([)?]) for the h-metric we choose (see (|83D) the 
coefficient 

(71(a) = cos a (99) 

and set for the v-metric components 



h 3 (a,a,T) 


(cosh a — cos a) 
p 2 {r) 


h A (a) 


= sin a. 


Multiplying (pq) on 


P 2 (r) 



(100) 



(cosh a — cos a) 
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and considering cosa ~ 1 and rij ~= in the locally isotropic limit we get the 
interval 

ds 2 = _ dT 2 + P^j) _ [{d(J 2 + da 2 + gin 2 ^2] 

(cosh a — cos a) 

where the space part is just the torus hypersurface metric (p7|). 

So, the set of coefficients (|9^) and (|100| ), for the d-metric (|98| , and of % = 
and Ui being solutions of (p0|), for the N-connection, defines a cosmologica 
solution of the Einstein equations (|13| ) with the torus symmetry, when the explicit 
form of the function p(r) is to be defined by considering some additional equations 
for the matter state (for instance, with a scalar field defining the torus inflation). 

9 Outlook and Concluding Remarks 

In this paper we have developed the method of anholonomic frames on (pseudo) 
Riemannian spacetimes by considering associated nonlinear connection (N-con- 
nection) strucutres. We provided a rigorous geometric background for description 
of gravitational systems with mixed holonomic and anholonomic (anisotropic) 
degrees of freedom by considering first and higher order anisotropies induced by 
anholonomic constraints and corresponding frame bases. 

The first key result of this paper is the proof that generic anisotropic struc- 
tures of different order are contained in the Einstein theory. We reformulated the 
tensor and linear connection formalism for (pseudo) Riemannian spaces enables 
with N-connections and computed the horizonal-vertical splitting, with respect 
to anholonomic frames with associated N-connections, of the Einstein equations. 
The (pseudo) Riemannian spaces enabled with compatible anholonomic frame 
and associated N-connection structures and the metric being a solution of the 
Einstein equations were called as locally anisotropic spacetimes (la-spacetimes). 

The next step was the definition of gauge field interactions on la-spacetimes. 
We have applied the bundle formalism and extended it to the case of bases being 
la-spacetimes and considered a pure geometric method of deriving the Yang- 
Mills equations for generic locally anisotropic gauge interactions, by genalizing 
the absolut differential calculus and dual forms symmetries for la-spacetimes. 

The second key result was the proof by geometric methods that the Yang- 
Mills equations for a correspondingly defined Cartan connection in the bundle 
of affine frames on la-spacetimes are equivalent to the Einstein equations with 
anholonomic (N-connection) structures (the original Popov-Dikhin papers |23j , 
p4| ] were for the locally isotropic spaces). The result was obtained by applying an 
auxiliary bilinear form on the tipical fiber because of degeneration of the Killing 
form for the affine groups. After projection on base spacetimes the dependence 
on auxiliar values is elliminated. 

We analyzed also a variant of variational gauge locally anisotropic gauge the- 
ory by considering a minimal extension of the affine structural group to the de 
Sitter one, with a nonlinear realization for the gauge group as one was performed 
in a locally isotropic version in Tseytlin's paper [34]. If some former our works 



, |3(| where devoted to extensions of some models of gauge gravity to general- 



ized Lagrange and Finsler spaces, in this paper we demonstrated which manner 
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we could manage with anisotropies arrising in locally isotropic, but with anholo- 
nomic structures, variants of gauge gravity. Here it should be emphasized that 
anisotropies of different type (Finsler like, or more general ones) could be in- 
duced in all variants of gravity theories dealing with frame (tetrad, vierbiend, in 
four dimensions) fields and decompisitions of geometrical and physical objects in 
comonents with respect to such frames and associated N-connections. In a sim- 
ilar fashion anisotropies could arise under nontrivial reductions from higher to 
lower dimensions in Kaluza-Klein theories; in this case the N-connection should 
be treated as a splitting field modelling the anholonomic (anisotropic) character 
of some degrees of freedom. 

The third basic result is the construction of a new class of solutions, with 
generic local anisotropy, of the Einstein equations. For simplicity, we defined 
these solutions in the framework of general relativity, but they can be removed 
to various variants of gauge and spinor gravity by using corresponding decom- 
positions of the metric into the frame fields. We note that the obtained class of 
solutions also holds true for the gauge models of gravity which, in this paper, 
were constructed to be equivalent to the Einstein theory. 

In explicit form we considered the metric ansatz 



ds' 



x p du^dvr 



when g a j3 are parametrized by matrices of type 



gt + qi 2 h 3 + n 1 2 h 4: 
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Qi h 3 
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with coefficients being some functions of necessary smooth class gi = gi(x J ), qt = 
qi(x : ',t),ni = m{x^ ,t), h a = h a (x^,t). Latin indices run respectively i,j,k,... 
= 1,2 and a, b, c, ... = 3,4 and the local coordinates are denoted u a = (x l ,y s = 
t,y 4 ), where t is treated as a timelike coordinate. A metric ( |101[) can be diago- 
nalized, 

Ss 2 = 9i (x j ) (dJf + h a (x j ,t) (5y a ) 2 , (102) 

with respect to anholonomic frames (|3|) and (||), here we write down only the 
'elongated' differentials 

St = dz + qiix? ,t)dx l , by = dy + ni{x 3 ,t)dx l . 



The ansatz ( |101| ) was formally introduced in |32|] in order to construct locally 
anisotropic black hole solutions; in this paper we applied it to cosmological la- 
spacetimes. In result, we get new metrics which describe locally anisotropic 
Friedman-Robertson- Walker like universes with the spherical symmetry deform- 
ed to that of rotation (ellongated and/or flattened) ellipsoid and torus. Such 
solutions are contained in general relativity: in the symplest diagonal form they 



are parametrized by distinguished metrics of type (102), given with respect to 
anholonomic bases, but could be also described equivalently with respect to a 



coordinate base by matrices of type fll01|) . The topic of construction of cosmolog- 
ical models with generic spacetime and matter field distribution and fluctuation 
anisotropies is under consideration. 
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Now, we point the item of definition of reference frames in gravity theories: 
The form of basic field equations and fundamental laws in general relativity do 
not depend on choosing of coordinate systems and frame bases. Nevetheless, 
the problem of fixing of an adequate system of reference is also a very impor- 
tant physical task which is not solved by any dynamical equations but following 
some arguments on measuring of phyical observables, imposed symetry of in- 
teractions, types of horizons and singularities, and by taken into consideration 
the posed Cauchy problem. Having fixed a class of frame variables, the frame 
coefficients being presented in the Einstein equations, the type of constructed 
solution depends on the chosen holonomic or anholonomic frame structure. As 
a result one could model various forms of anisotropies in the framework of the 
Einsten theory (roughly, on (pseudo) Riemannian spacetimes with correspond- 
ing anholonomic frame structures it is possible to model Finsler like metrics, 
or more general ones with anisotropies). Finally, it should be noted that such 
questions on stability of obtained solutions, analysis of energy-momentum con- 
ditions should be performed in the simplest form with respect to the chosen class 
of anholonomic frames. 
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